n Exercises 66-68, use Equationg
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fine for each set of datg points. Th

() anq (3) to fing

€n use t

he least SQuareg

. -] lln : . Siven %
1 predlCt the value of y that would Co"espondizr:quafon YOU obtajn d ((i::lccr‘:l::: thte function’s seécond partial derivatives and find the
=Y = an =
¢ (-20 0,2), (2,3) 67. (-1, 2) . e. Using th fn{w i .
6. 0,0, (1,2), (2,3) » (0, 1), (3,-4) y A & the max-min tests, classify the critical points found in part (c).
re your ﬁrzldmgs consistent with your discussion in part (c)?
(OMPUTER EXPLORATIONS DN =P -3y, smrss smyes
Exercises 69—74, you will explore functiong 1o ident; _ 70. fx,y) = 53 - 4yl 2 <y< 2, -2=sy=2
a. Use a CAS to perform the following steps: entify their locg 1. f(g, i) =xt 42 g 6 +16, -3=<y=<3
Plot the function over the given rectangle ~) y Szx(: 4 2
. ' N x’y = + _— 2x - 2 —_
some level cur‘ves in the rectangle. ~21sy=y 2—" 2y°+3, -32=<x=< 3/2,
ulate thle ﬁmct;ons first p:_:rtial d_erivatives and use the CAS 730 f(x,p) = 5x6 + 1855 — 302 + 3002 — 12053,
tt;onls? vterttl:) lmd ;he critical points. How do the critica] “4=xs3, s y=2
onts relate to the level curves plotteq in part (b)? Which crit; 5 1n (52 2
s if . | b): critical 4. - {x nx*+pY),  (x,y) # (0,0)
s, T 81, appear to give a saddle point? Give reasons for f%,7) 0, (&, ») = (0,0)’

—2=x=2, -2=y=)

__-% 4 8 | Lagrange Multipliers
A Te I y

Sometimes we need to find the extreme values of a function whose domain is constrained
STORICAL BIOGRAPHY to l_ie within some particular §ubset.of the plane—a disk, for example, a close_d triangular
region, or along a curve. In this section, we explore a powerful method for finding extreme
values of constrained functions: the method of Lagrange multipliers.

Constrained Maxima and Minima

We first consider a problem where a constrained minimum can be found by aliminating a
variable.

EXAMPLE 1  Find the point P(x, y, z) on the plane 2x + y —z — 5 =  that is closest
to the origin.

The problem asks us to find the minimum value of the function
|0P| = V(x — 0F + (y — 02 + (z — 0)°

= Vx?+ y2 + 22

subject to the constraint that

Solution

2x+yp—z-35=0

Since| 57’[ has a minimum value wherever the function

Jwy,2) =2t 4yt + 2

minimum indi ini lue of f(x,,2)
ini , we may solve the problem by finding the minimum va

L mlthl; co‘;fsltl:;int 2x 4{, y — z — 5 = 0(thus avoiding square roots). If we regard x
subject to

blem reduces to oneé of finding the points (x, y) at which the function
our pro

h(x}’)=f(x,}”2x+}""5)=x2+y2+(2x+y_.5)2
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has its minimum value or values. Since the domain of / is the eptire xy-plane, the Firg;
Derivative Test of Section 14.7 tells us that any minima that / might have must occy,, &
points where

he =2x +2(2x +y — 5)(2) =0, hy=2y+2(2x+y—5)=0_
This leads to
10x + 4y = 20, 4x + 4y = 10,

and the solution

N

x= § y=

W

We may apply a geometric argument together with the Second Derivative Test to show thy
these values minimize h. The z-coordinate of the corresponding point on the plane

z=2x+y—15is
=343 _s5- _5
z = 2(3) + 6 5 6"
Therefore, the point we seek is

- 33_5
Closest point: P(3, 6 6)’

The distance from P to the origin is 5/ V6 ~ 2.04. ]
Attempts to solve a constrained maximum or minimum problem by substitution, as

we might call the method of Example 1, do not always go smoothly. This is one of the rea-
sons for learning the new method of this section.

EXAMPLE 2 Find the points on the hyperbolic cylinder x? — z2 — 1 = ¢ that are clos-
est to the origin.

Solution 1 The cylinder is shown in Figure 14.49. We seek the points on the cylinder
closest to the origin. These are the points whose coordinates minimize the value of the
function

flx,y,2) = x? + y2 + 22 Square of the distance

subject to the constraint that x> — z2 — 1 = 0. If we regard x and y as independent vari-
ables in the constraint equation, then

z22=x2-1
and the values of f(x, y,z) = x* + »? + z% on the cylinder are given by the function
hx,p) = x* + y2 + (x2 = 1) = 22 +y =1

To find the points on the cylinder whose coordinates minimize f, we look for the points in
the xy-plane whose coordinates minimize 4. The only extreme value of /4 occurs where

hy=4x=0 and h,=2y=0,

that is, at the point (0, 0). But there are no points on the cylinder where both x and y ar¢
zero, What went wrong?

What happened was that the First Derivative Test found (as it should have) the point
in the domain of h where h has a minimum value. We, on the other hand, want the points
on the cylinder where h has a minimum value. Although the domain of h is the entir®
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