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Fourier Transform



Problem 1 (15 pts)

Part a. Use the coordinate method to find the function u(x, t) that solves:

uxx − 3uxt + 2utt = 2x+ 2t.

Part b. Solve
√

1− x2ux + uy = 0 with u(0, y) = y.

Solution (Problem 1):



Problem 2 (20 pts)

Part a. Solve ut = uxx, u(x, 0) = e−x, u(0, t) = 0 on the half-line 0 < x <∞.

Part b. A rod has length L = 1 and constant k = 1. Its temperature satisfies the
heat equation. Its left end is held at temperature 0 and its right end at temperature 1.
Initially the temperature is given by

φ(x) =


5x

2
, 0 ≤ x ≤ 2

3
,

3− 2x,
2

3
< x ≤ 1

Find the solution as a series (compute the coeffients).

Part c. Does the sine Fourier series of φ(x) converges pointwise to φ(x) in 0 ≤ x ≤ 1?
Is the convergence uniform?

Solution (Problem 2):



Solution (Problem 2):



Problem 3 (15 pts)

Choose two:

Part a. (1-d Poincaré inequality) Show that if f(x) is a C1 function in [−π, π] that

satisfies periodic boundary conditions and if

∫ π

−π
f(x)dx = 0, then

∫ π

π

|f(x)|2dx ≤
∫ π

−π
|f ′(x)|2dx.

Hint: Use Parseval’s equality.

Part b. Show that if f(x), f ′(x) are continuous periodic functions of period 2π, then
its classical Fourier series converges to f uniformly on R.

Part c. Consider the second order differential operator A = − d2

dx2
with symmetric

boundary conditions. Show that if, in addition,

f(x)f ′(x)
∣∣x=b
x=a
≤ 0,

for any function f(x) satisfying the boundary conditions, then there is no negative
eigenvalue for A.

Solution (Problem 3):



Solution (Problem 3):



Problem 4 (12.5 pts)

Solve the Laplace equation
uxx + uyy = 0

in the annulus {1 < x2 + y2 < e2} subject to the following boundary conditions:

u(x, y) = 0 on the inner circle,

u(x, y) = 5 + (e4 − 1) cos(2θ) on the outer circle,

where θ is the angle of the point (x, y) measure from the origin.

Solution (Problem 4):



Solution (Problem 4):



Problem 5 (12.5 pts)

Part a. Let u ≥ 0 and ∆u = 0 in the unit disk D = {(x, y) : x2 + y2 ≤ 1}. Using
the Mean-Value Property for harmonic functions, prove the following version of the
so-called Harnack inequality

1− r
1 + r

u(0, 0) ≤ u(x, y) ≤ 1 + r

1− r
u(0, 0),

where r =
√
x2 + y2 < 1.

Part b. Consider the following problem

∆u = 0, D = {(x, y) : x2 + y2 ≤ 1},
u = h, on ∂D.

Part b.1. Show that if h ≥ 0 then u > 0 unless h ≡ 0.

Part b.2. Let u(0) = 1 and h ≥ 0. Show that

1

3
≤ u(x, y) ≤ 3 for all x2 + y2 =

1

4
.

Solution (Problem 5):



Solution (Problem 5):



Problem 6 (12.5 pts)

Part a. Use the calculus of variations to prove that the shortest path between two
given points is a straight line. That is, define an appropriate functional to minimize
and find its critical points (do not need to show they are indeed a minimum).

Part b. Let D be the unit disk in R2. Consider the following functional

E[u] =

∫∫
D

1

2
|∇u|2dxdy

with domain the smooth functions such that u ≡ 2 on ∂D.

Part b.1. Compute the first variation of E and find the strong form of the Euler-
Lagrange equation for it.

Part b.2. If u is a critical point of E, find g(x, y) = ux(x, y)− u(x, y).

Solution (Problem 6):



Solution (Problem 6):



Problem 7 (12.5 pts)

Part a. Let fa(x) =
a

π(x2 + a2)
, a > 0.

Part a.1. Show that fa(x) is a probability density function, that is,

fa(x) ≥ 0 and

∫ ∞
−∞

fa(x)dx = 1.

Part a.2. The probability density function of the sum of two random variables is the
convolution of their probability density functions. If A,B are random variables with
fa(x), fb(x) (a, b > 0), calculate the probability density function of the random variable
A+B. Give the results without integrals.

Part b. Consider the wave equation

utt = uxx, −∞ < x <∞, t > 0,

u(x, 0) = g(x),

ut(x, 0) = h(x).

Obtain D’Alembert formula using the Fourier transform.

Solution (Problem 7):



Solution (Problem 7):
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