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Problem 1 [10 points]
Part a. Find the solution of shortest length (distance from the origin) to the following
system A~x = ~b:


 
1 1
~b = 2
A=
,
0 0
0

Part b. Find the coefficients for the model below that best fit the data x =
0, −π/2, π, y = 0, 1, 0 in the least squares sense:
y = a + b cos x.
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Problem 2 [10 points]
Part a. Which of the following matrices are diagonalizable over the complex numbers?



1 −1
A=
,
−1
1




1 −3
B=
,
−1 −1



1 2 2
C = 0 1 2
0 0 1

Consider the linear differential system
x0 = x − 2y
y 0 = 2x + y.
 0
 
x
x
Part b. For which matrix A can we rewrite this system as
=A
?
y
y
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Part c. Find the solution x(t), y(t) for x(0) = 1 = y(0).

Part d. Suppose (x(t), y(t)) is a solution with initial conditions (x(0), y(0)) = (−1, 0).
What is the limit of (x(t), y(t)) as t → ∞.
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Problem 3 [10 points]
Let V be the subspace of vectors in R4 (with coordinates (x, y, z, w)) such that
x − w − 2z = 0.
Part a Find a basis for V .

Part b Apply Gram–Schmidt to find an orthonormal basis for V .

Part c Find the point on V closest to the point (1, 1, 1).
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Problem 4 [10 points]
Part a. Let V be the vector space of polynomials of degree less or equal than 1, with
basis {x, x − 1}. Let U be the vector space of polynomials of degree less than or equal
to 2, with basis {1, x + 2, x2 + 1}. Let T : V → U be the linear transformation which
sends a polynomial p to the polynomial (2x) · p (for example, T (x) = (2x)x = 2x2 ).
Find the matrix of the linear transformation T (multiplication by 2x), using the bases
for V and U as given above.

Part b. Let V be the orthogonal complement of
 
1
Span
−3
in R2 .
Part b.1. Find a basis for V .
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Part b.2. Find alinear transformation T from R2 to R2 whose kernel is V and which
2
has the vector
in its image.
1
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Problem 5 [10 points]
Part a. A firm produces goods at three different supply centers. The maximum
supply produced at each supply center is, respectively, 2, 5, 4. The demand for the
goods is spread out at two different demand centers. The demand at these centers is
3 and 8. The goal of the firm is to get goods from supply centers to demand centers at
minimum cost, and all demands must be satisfied. Assume that the cost of shipping
one unit of goods from supply center i to demand center j is cij (i = 1, 2, 3, j = 1, 2)
and that the cost is proportional to the quantity transported.
Write the problem as a Linear Programming problem in standard form.
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Part b. Consider the linear programming problem where you have to maximize
f (x, y) = x + y for x ≥ 0, y ≥ 0, subject to the constraints −2x + 4 ≥ y, x ≤ 1 and
y ≤ 3.
Part b.1. Draw the feasible region of the problem.

Part b.2. Find the solution using geometrical methods (give the value of the maximum and the values of x, y where it is attained).
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Problem 6 [15 points]
Part a. Simple Mendelian genetics assumes that a trait, such as eye color, is determined by a combination of two genes, one inherited from each parent. The probability
of a parent with a specific pair of genes having offspring with each gene combination
can be illustrated by a transition diagram. Below is the transition diagram for eye
color with Blue and Brown as the two possible genes.

Part a.1. Find the stochastic matrix M that models this Markov chain.

Part a.2. What is probability that the grandchildren of a parent with the gene pair
Brown Brown has the gene Blue Blue?
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Part a.3. In a population which currently only has Blue and Brown genes for eye
color, which combination will be most common after a long period of time? Compute
the fraction of people with that gene (the most common in the long term). And what
if the population currently only has Brown Brown color? Explain why you can ensure
that both answers have to be the same.
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Part b.1. Find the transition matrix with damping α = 1/3 of the following graph:

Part b.2. Find the Page Rank (it suffices to list the pages in order of importance,
from most to least), without damping (using the transition matrix with α = 0).
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Problem 7 [15 points]
Part a Let


A = 3 0 −4 .
Find a basis for N (A).

Part b Find the eigenvalues of AT A (with multiplicity).

Part c Find the SVD of A.

Part c Find the projection matrix onto the row space of A in terms of the matrices
U, Σ, V in Part c.

13

Problem 8 [20 points]
In each of the following cases, clearly mark the statement as true or false. Please
also explain your answers in order to receive credit for this problem.
1. The collection of invertible 4x4 matrices form a subspace of the collection of all
4x4 matrices.

2. If matrices A and B satisfy AB = I, then A is invertible and B = A−1 .

3. A real matrix A has eigenvalues λ1 = 1,λ2 = 1,λ3 = −2,λ4 = 0. Then, A cannot
have all of its entries positive.

 
 
 
1
1
−1





4. If both A~x = 2 and A~x = 1 have solutions, then so does A~x = 0 .
3
1
1

14

5. If the standard form of an LP has ~b ≥ 0 and ~c ≤ ~0, then the maximum is
attained at the origin.

6. If A is a 5 by 3 matrix, and A = U ΣV T is a singular value decomposition, and
Σ has two nonzero entries, then the null space of AAT has dimension 3.

7. Let P be the matrix which projects vectors of R3 onto the plane x + y + z = 0.
The eigenvalues of P are 0,1,1.

8. If A is symmetric, then so is eA .

9. For any orthogonal matrix Q, all its singular values are 1.
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10. If a 4x3 matrix A has a RREF with three pivots, then A~x = ~b has a solution
for any ~b.

11. If det(A2 ) = 1, then the eigenvalues of A are 1 or −1.

12. If A is a stochastic matrix and ~v a vector, then the entries of A~v sum up to the
same quantity as the entries of ~v .

13. We know that the maximum

positive eigenvalue of a real matrix A is λ = 3
−1/2
with eigenvector ~u =  0 . Then we can ensure that A have at least one
1
non positive entry

14. Every positive definite matrix is invertible.
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15. The matrix AT A is always positive semidefinite.

16. Given any basis of a vector space V , one can always find an orthonormal basis
spanning V .
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Extra space for work:
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Extra space for work:
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Extra space for work:
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Extra space for work:
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